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INTRODUCTION 
Let A be a supplemented algebra over a field K, i.e. a K-algebra together 
with an algebra homomorphism E: A + K; the augmentation ideal Ker c 
of A will be denoted by A, . Suppose that A E F/R is a presentation of A 
as a quotient of a free associative algebra F (with identity) over K. Relative 
to such data, Friihlich [#I established the following analog of the Hopf 
isomorphism in the homology of groups: 
Torf (K, K) z R n Fi/(RFO + F,R); 
in fact, Frohlich proved this when K is any commutative ring. 
Our purpose here is to prove the following theorem (see Section 1). 
THEOREM. Let A g F/R as above. Then, for n > 0, 
Torf(K, K) g Rflk-lFO n F,Rm-l/(Rm + F,R+lF.J if n =2m-1, 
g Rm n F,R”-‘FJ(R”zF, + F,Rm) if n = 2m, 
where R0 = F. 
The crux of the proof lies in first applying a procedure of Gruenberg [.5], 
and a result of Cohn [3], to the presentation A E F/R, in order to construct 
an A-free resolution of K which is analogous to the Gruenberg resolution in 
the (co-)homology of groups [.5]. 
In the case when A is the universal enveloping algebra U(L) of a Lie 
algebra L over K, and the presentation A s F/R is derived from a presenta- 
tion of L as a quotient of a free Lie algebra, this A-free resolution becomes 
a resolution for calculating the (co-)homology of L which is directly analogous 
to the Gruenberg resolution (Section 2). Using the analog of a certain group- 
theoretical lemma of Gruenberg [5J, one can derive information about bases 
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for the modules in this resolution. Also, starting with Frohlich’s formula 
above, this lemma may be used (Section 2) to give a new proof of the analog 
of the Hopf isomorphism for homology of Lie algebras [6]; it is worth noting 
here that Frohlich has informed this author that the analog should also be 
obtainable by the methods of [4], when K is any commutative ring. 
In passing (Section I), one obtains a trivial but apparently new proof of the 
vanishing in dimensions >- 1 of the (co-)homology of a free associative or 
free Lie algebra over any commutative ring (see Barr and Rinehart [Z]). 
Finally, an application of Gruenberg’s technique to special Jordan 
algebras is considered (Section 3). 
1. SUPPLEMENTED ALGEBRAS 
Let K be a commutative ring, and let + : A ---f A be an epimorphism of 
supplemented K-algebras (in the sense of [2]). If I = Ker $, and A,, denotes 
the augmentation ideal of a supplemented algebra A, define left A-modules 
X, (72 3 0) as follows: 
x, = I+Jl,/I”~A, if n=2m-1, 
= p/p+1 if n = 2m, 
where I” = A. 
Consider the sequence 
*** + x, + X,-l -+ . ..+X.+X,+K+O 
obtained by letting X, --f K be the augmentation homomorphism of A, 
X, -+ X0 be the map induced by +, and X, -+ X,, (n > 1) be the mapping 
induced by inclusion. This sequence is easily seen to be exact, and will be 
called the Gruenbevg exact sequence of 4. 
PROPOSITION 1.1. If A, and I are free as left A-modules, then the Gruenberg 
exact sequence of 4 is an A-free resolution of K. 
Proof. The fact that each X, above is a free A-module follows from the 
two lemmas below, which generalize Lemmas 3 and 4 of [5]. 
LEMMA 1.2. Let B be a two-sided ideal in a ring A, and let C be a left 
A-module. Suppose that, as left A-modules, B and C have free bases {/$} and 
(cj} respectively. Then {@,} is a free basis for BC as left A-module. 
Proof. Let BC be the submodule of C spanned by all elements j3c (fl E B, 
c E C). The lemma may be verified by straightforward checking, essentially 
as for Lemma 3 of [5]. 
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LEMMA 1.3. Let A z A/I where I is a two-sided ideal in a ring A, and let 
C be a left A-module with a free A-basis {cj>. Then CjIC is a left A-module 
which has {cj + IC} as a free A-basis. 
Proof. C/IC E A @,, C z cj A On AC, . 
COROLLARY 1.4. If K is a field and A is a free associative algebra (with 
identity) over K, then the Gruenberg exact sequence of 4 : A + A is an A-free 
resolution of K. 
Proof. This follows because Cohn [3] has shown that, in this case, A is 
a free ideal ring. 
Remark. (i) By looking at suitable quotients of free group rings and using 
Lemma 2 of [.5], Proposition 1.1 clearly gives Theorem 1 of Gruenberg [.5], 
essentially. 
(ii) If the augmentation ideal of a supplemented algebra A is free 
as left A-module, then obviously 
Tor,A (-, K) = 0 = Ext: (K, -) for n>l. 
This trivial observation has some interest, possibly, since not only does it 
apply to free group rings, but also to any free associative algebra over a 
commutative ring. Since the universal enveloping algebra of a free Lie 
algebra is a free associative algebra, this implies (in fact is equivalent to) 
the corresponding result on the (co-)homology of free Lie algebras. (For 
cohomology, see also Barr and Rinehart [I].) 
PROPOSITION 1.5. If the supplemented algebra A s A/I where A, and 
I are free as left A-modules, then, for n > 0, 
Tort (K, K) e Im-lA, n A,IW1-l/(Im + A,I”-lA,) if n=2m-I, 
g 1” n A,I”-lA,/(ImA, + A$‘) if n = 2m. 
Proof. Consider the sequence 
K @A Im/Im+l -+ K @A I-‘A,/I”A, --+ K @)A I”+-l/Im, 
i.e. 
ppl+J I”-‘A,/I’nA, Irn-Y~ 
A,Im/In”+l - A,l~-lA,/ImAO - A,I-f/lm ’ 
i.e. 
I”~/A,J” -+ I+lA,/A,I”+lA, -+ In’-l/A,I”l-l. 
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It follows that 
z P-111, n A,P-l/(l~~~ + A,I~-ld,). 
In a similar way, the sequence 
K @A ImA,/lm+lA, + K BA Zm/I”a+l + K BA I-lA,/In’A, 
reduces to 
Hence 
G Im n A,Im-lA,/(P~A, + A,P). 
The theorem presented in the introduction now follows by Corollary 1.4. 
It may also be noted that, when n = 1, Proposition 1.5 gives 
Tor$ (K, K) s A,/(Z + Ai) z &/AZ (see VI)* 
COROLLARY 1.6. If K is a jeld and the supplemented algebra A z F/R, 
where F is a free associative K-algebra, then for n > 0, 
Ext; (K, K) s Hom,(R”-lFO n FOR”-l/(R” + FORm-lF,J, K) if n =2m - 1, 
- HomAR” n FORm-lFO/(R”“F, + F,,li”“), K) =Z.Z if n = 2m. 
Proof. This follows from the theorem of the introduction, by [2] 
pp. 181 and 185. (Th e case n = 2 also follows from extension theory; 
see [6].) 
It is clear (by [2] pp. 181 and 185) that the theorem of the introduction 
and Corollary 1.6 immediately give corresponding results for unsupplemented 
free presentations. 
2. LIE ALGEBRAS 
Consider Lie algebras over a fixed commutative ring K, let U(L) denote 
the universal enveloping algebra of a Lie algebra L. 
THEOREM 2.1. Let # : F -+ L be an epimorphism of a free Lie algebra F 
onto a Lie algebra L, and (p* : U(F) -+ U(L) be the induced epimorphism. 
Suppose that K is a Jield or that L is free as K-module and R = Ker 4 is also 
216 KNOPFMACHEB 
a free Lie algebra. Then the Gruenbmg exact sequence of 4* is a U(L)-free 
resolution of K. 
Proof. If K is a field, the theorem follows from Corollary 1.4 since U(F) 
is a free associative algebra. The more general case follows from Proposi- 
tion 1.1, by the lemma below. (By the Sirgov-Witt theorem, the assumptions 
of this lemma (and Proposition 2.3 below) are always satisfied if K is a field. 
Hence the lemma also leads to more explicit information about bases in 
the resolution whenever K is a field; this is the analog of the group-theoretical 
situation [5].) 
LEMMA 2.2. If L is free as K-module, and Y is a set of free Lie algebra 
generators for R = Kerq5 above, then Y is a free basis for IR = Ker$, as 
left {or right) U(F)-module. 
Proof. The argument is closely parallel to that for the analogous Lemma 2 
of [5], but uses more involved auxiliary results. First, F may be regarded 
as a subset of U(F) by the Birkhoff-Witt theorem and, by a result given in 
[2] p. 269, we note that R and hence any K-basis X for R is a set of two-sided 
ideal generators for 1s . By the equation xu = [x, u] + wc(x E X, u EF) in 
U(F), any such K-basis X is then a set of left-ideal generators for IR . 
If Y is a set of free Lie algebra generators for R, now let X be a Witt 
K-basis of Lie monomials in the elements of Y. Then by induction, the 
equation [u, v] = uv - vu(u, v EF) in U(F) shows that Y is a set of left 
ideal generators for IR . 
In order to prove that Y is a free basis for IR as left U(F)-module, recall 
that U(R) may be regarded as a subalgebra of U(F) in such a.way that U(F) 
becomes a free left {or right} U(R)- module ([2] p. 274.) Let T be a free basis 
for U(F) as right U(R)- mo u e, d 1 and bear in mind that Y is a left U(R)-basis 
for the augmentation ideal of the free associative algebra U(R). Then, given 
an equation 
1 uiyi = 0 (ui E u(F), yi E Y), write Ui = C tjWij , 
i i 
where tj E T, wij E U(R). Since wiiys E U(R), the equation then leads to 
xi wijyi = 0, and hence each Wii = 0. Thus each ui = 0, and SO Y is 
a left U(F)-basis for IR . Similarly, Y is a right U(F)-basis. 
PROPOSITION 2.3. If L g F/R where F and R are free Lie algebras, and 
L is free as K-module, then 
H,(L; K) ec R A [F, TIP, Fl 
(see Introduction). 
SOME HOMOLOGICAL FORMULAE 217 
Proof. The following argument is analogous to one used by Learner [7] 
in deriving the Hopf isomorphism for groups. First, by Frohlich [4], 
where A = U(F). Therefore, 
= R n [K W[R Fl, 
since there is a commutative diagram 
In order to see this, note that if Y is a set of free Lie algebra generators 
for R, then by Lemmas 2.2 and 1.3 the cosets 7 ( y E Y) form a free basis 
for IR/A,IR over K z A/A, . But the cosets 7 ( y E Y) form a K-basis for 
R/[R, R]. Hence the inclusion map R -+ IR induces an isomorphism 
RIP, RI s II&I, , 
which, in particular, gives F/[F, F] e A,/A,A~ . Next, since A is a set of left 
ideal generators for IR and since IR is a two-sided ideal in A, the submodule 
(IRA, + A,1,)/A,1, of la/.A,,IR is spanned over K by all cosets %(r E R, w EF). 
Therefore, by the equation 
YW = [~,w]+wr(r~R,w~F) in A, 
VRfl, + 4wA~Jz is spanned over K by all cosets [r, w] (r E R, w EF). 
Hence the isomorphism R&R, R] -+ I,/A,Is induces an isomorphism 
[R, VP, RI = (Id, + 4Ji$IJ, . 
The results follows. 
3. SPECIAL JORDAN ALGEBRAS 
Finally, we note that the technique of Gruenberg may also be applied to 
special Jordan algebras. Consider Jordan algebras over a commutative ring 
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K in which 2 is invertible. If J is a Jordan algebra, let U,(J) denote the 
universal algebra for the special representations of J, i.e., the quotient of the 
tensor algebra on J by the ideal generated by all elements of the form 
a f.2 b - i(ab + ba) [a, b E J], where ‘~8 is the product in J. Following, 
essentially, a long-standing idea of Jacobson, the (co-) homology groups of 
the supplemented algebra U,5( J) may be called the special Jordan (co-)homoZogy 
groups of J. 
PROPOSITION 3.1. Let 4 : F--f J be an epimorphism of a free special 
Jordan algebra F onto J. Suppose that K is ajield, or else that Ker{$, : U,(F) ---f 
[Is(J)} is a free left U,(F)-module. Then the Gruenberg exact sequence of 
$* : U,(F) -+ U,(J) is a U,(J)- free resolution of K. 
(If J is a special Jordan algebra, then such epimorphisms 4 always exist.) 
Proof. By definition, F is the algebra generated by 1 and X in some 
Jordan algebra A+ obtained as follows: If A is the free associative algebra 
on a set X, define A+ to be the algebra obtained from A by replacing its 
multiplication by the product .1c 1: y = $(g + yx). Then, by the universal 
property, U,(F) g A*. Thus the proposition follows from Corollary 1.4 or 
Proposition 1.1. 
COROLLARY 3.2. Let F be a free special Jordan algebra over any commutative 
ring in which 2 is invertible. Then the special Jordan (co-)homology of F vanishes 
in dimensions > 1. 
Note (added in proof). Recently this author became aware that one construction 
of Section 1 was already used (for a different ultimate purpose), by Eilenberg, Nagao 
and Nakayama (Nagoya Math. J. 10 (1956), 87-95), to give a projective resolution 
in relation to a hereditary ring rl. This is done using the proposition which, with 
reference to 1.3 above, states that C/IC is projective if C is. For present purposes, 
a projective resolution in 1.1 and the validity of 1.5 are obtainable without assuming 
II hereditary provided A. and I are projective. To see this, consider 1.2 above and 
suppose B, C are merely projective and C is a left ideal in LL Then B is flat and so 
BC g B @,I C, which is projective by [2], p. 28. 
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